Abstract Let A be a hereditary artin algebra and A (m) be the mreplicated algebra of A. We investigate the possibilities for the global dimensions of the endomorphism algebras of generator-cogenerators over A (m) .
Introduction
Let Λ be an artin algebra. We denote by mod Λ the category of all finitely generated right Λ-modules and by ind Λ a full subcategory of mod Λ containing exactly one representative of each isomorphism class of indecomposable Λ-modules. Given a class C of modules, we denote by add C the subcategory of mod Λ whose objects are the direct summands of finite direct sums of modules in C and, if M is a module, we The endomorphism algebras of generator-cogenerators have attracted a lot of interest (see for example [T] ): these are just the artin algebras of dominant dimension at least two. The smallest value of the global dimensions of the endomorphism algebras of such modules was studied by M.Auslander and it was defined to be the representation dimension of Λ provided Λ is not semisimple( [A] ). If Λ is semisimple, its representation dimension is defined to be one. In particular, M.Auslander proved that an artin algebra Λ is representation-finite if and only if its representation dimension is at most two.
O.Iyama [I] has shown that the representation dimension of an artin algebra is always finite, and R.Rouquier [Rou] has shown that there is no upper bound for the representation dimensions of artin algebras. These motivate the investigation on the possibilities for the global dimensions of the endomorphism algebras of generator-cogenerators. Recently, V.Dlab and C.M.Ringel described the possibilities for the global dimensions of the endomorphism algebras of generatorcogenerators in terms of the cardinalities of the Auslander-Reiten orbits of indecomposable modules for a hereditary artin algebra (see [DR] ).
Let A be a hereditary artin algebra and A (m) be the m-replicated algebra of Remark. For every integer d ≥ 3 or ∞, we will construct a generator-cogenerator with global dimension d for a given representation-infinite m-replicated algebra
. In general, it is not easy to compute the global dimension of End(M) whenever M is a generator-cogenerator, thus those constructions given in section 4 seem to have an independent interest. This paper is arranged as follows. In section 2 we collect some definitions and basic facts needed for our research. Section 3 is devoted to the proof of Theorem 1. In section 4 we construct some generator-cogenerators in mod A (m) with special global dimensions and prove Theorem 2.
Preliminaries
Let Λ be an artin algebra, C be a full subcategory of mod Λ and ϕ : C M −→ M with M in mod Λ and C M in C. The morphism ϕ is a right C-approximation of M if the induced morphism Hom(C, C M ) −→ Hom(C, M) is surjective for any C in C. A minimal right C-approximation of M is a right C-approximation which is also a right minimal morphism, i.e., its restriction to any nonzero direct summand is nonzero. The subcategory C is called contravariantly finite if any module M in mod Λ admits a (minimal) right C-approximation. The notions of (minimal) left C-approximation and of covariantly finite subcategory are dually defined. It is well known that, for any module M, the subcategory add M is both a contravariantly finite subcategory and a covariantly finite subcategory.
Given a generator M, for any Λ-module X, there is a minimal right add Mapproximation of X which is surjective:
is the i th syzygy and Ω
−i
Λ (X) is the i th cosyzygy of X respectively. We usually
, and denote by pd X the projective dimension of X. Note that pd X = Λ-dim X.
The following lemma is due to Auslander, we refer to [EHIS] for detail. 
Let Λ be an artin algebra, and M, N be two indecomposable Λ-modules. A path from M to N in ind Λ is a sequence of non-zero morphisms
with all M i in ind Λ. Following [Rin] , we denote the existence of such a path by M ≤ N. We say that M is a predecessor of N (or that N is a successor of M).
More generally, if S 1 and S 2 are two sets of modules, we write S 1 ≤ S 2 if every module in S 2 has a predecessor in S 1 , every module in S 1 has a successor in S 2 , no module in S 2 has a successor in S 1 and no module in S 1 has a predecessor in S 2 .
The notation S 1 < S 2 stands for S 1 ≤ S 2 and S 1 ∩ S 2 = ∅.
From now on, let A be a hereditary artin algebra and D b (mod A) be the bounded derived category of mod A. The repetitive algebraÂ of A was first defined in [HW] and it was proved in [H] that D b (mod A) is equivalent, as a triangulated category, to the stable module category modÂ.
The right repetitive algebra A ′ of A was introduced in [ABM] . Recall from [ABM] that A ′ is defined as follows,
where matrices have only finitely many non-zero coefficients, Lemma 2.2. Let X ∈ ind A, and α ∈ Hom
Proof. The statement follows easily from that
2 By [AI] , the m−replicated algebra A (m) of A is defined as the quotient of the right repetitive algebra A ′ , that is,
is the duplicated algebra of A (see [ABST1] ). According to [AI] , we know that m + 1 ≤ gl.dim A (m) ≤ 2m + 1.
Let Σ 0 be the set of all non-isomorphic indecomposable projective A-modules
The next lemma is taken from [ABST2] and will be used in our research. (2) Let M be an indecomposable A ′ -module which is not projective and k ≥ 1.
Then the following are equivalent: 
The proof of Theorem 1
This section is devoted to the proof of Theorem 1. We assume in addition that A is also representation-finite.
The following result is proved in [DR] for hereditary artin algebras, we observe that this is also true for m-replicated algebras, and the proof is almost the same, we refer to [DR] for detail. For completeness, we sketch the proof here.
Lemma 3.1. Let d ≥ 2 be an integer and M be a generator-cogenerator in
Proof. It is necessary to prove that Ω
(m) -module X which does not belong to add M. We follow the idea used in Proposition 1 of [DR] . Let Y be an indecomposable direct summand of Ω t M (X). We use induction on t to show that Y is a predecessor of τ t X. For t = d − 2, we see
Since X is not projective and
is also a projective A-module, and thus Ω Proof. We assume that there is a τ -orbit of cardinality at least d, thus there
be the Auslander-Reiten sequence ending in Z, where all Y j are indecomposable and non-projective-injective and P Z is projective-injective.
and M be the direct sum of all the indecomposables
is representation-finite.
We claim that gl.dim End
In fact, we first show that gl.dim End 
In order to prove that the global dimension of End A (m) (M) is precisely d, we
show that the M-dimension of Z is equal to d − 2. By the construction of M,
For the necessity of Theorem 3.2, we can use Lemma 3.1 and follow the method used in [DR] . For completeness, we sketch the proof. Let M be a generator- We denote by U k the direct sum of all the indecomposable modules in Σ k ind A
for k ≥ 0 and by P the direct sum of all indecomposable projective-injective A (m) -modules. We assume that gl.dim A (m) = t.
Proof. We first show that gl.dim End
Thus we may assume that X is not in add E i .
by using an argument similar to that in Theorem 3.3 in [LZ] , we have that E idim X ≤ 1 and thus E i -dim X ≤ i since i ≥ 1. For completeness, we give the proof as the following.
Let Σ 0 < X < Σ 1 , and let 0 −→ P 2 −→ P 1 f −→ X −→ 0 be a minimal projective resolution of X. Since X ∈ ind A and Hom
it follows that f is a minimal right add E i -approximation of X and E i -dim X ≤ 1.
Assume that Σ j < X < Σ j+1 with i ≤ j ≤ t − 2 or Σ t−1 < X < DA m . It follows that X is not in ind A and there exists an indecomposable A-module Y
According to Lemma 2.3(3), X has a projective cover which is projective-injective, and by Lemma 2.3(4), a minimal right add (U j ⊕ P )-approximation of X is surjective.
Consider the following short exact sequence
where g is a minimal right add (U j ⊕P )-approximation of X and K is the kernel of g. 
In particular, Hom D b (modA) (A, N[−l]) ∼ = Hom A (A, Z) = 0, and hence Z = 0 which implies that N = 0 and K ∈ add(U j ⊕ P ), hence K ∈ add E i and E i -dim X ≤ 1. Now, we assume that Σ l ≤ X < Σ l+1 for 1 ≤ l ≤ i − 1. Let P (X) be a projective cover of X. Note that X is not in ind A, according to Lemma 2.3(3), P (X) is projective-injective, hence we have a short exact sequence
We repeat this step l times, then Ω In order to show that gl.dim End A (m) (E i ) is exactly i+ 2, we only need to prove that E i -dim X = i for some indecomposable module X with Σ i−1 < X < Σ i . In fact, in the argument above, let l = i − 1, then Ω i E i (X) belongs to add E i and the modules Ω From now on, we will assume that A is a hereditary artin algebra which is representation-infinite. In this case, we observe that t = 2m + 1. and P X being projective-injective. Then P X is a projective cover of X.
Proof. Let P (X) g −→ X be a projective cover of X. According to Lemma 2.3 (3) and (4), P (X) is projective-injective and f is surjective. Then there is a map
Since N X is in add N ′ and also in mod A, we have that h 1 = 0. It follows that
and thus f 2 is surjective since g is surjective. By the minimality of f , P X is isomorphic to P (X). This completes the proof. Proof. Let Σ 0 be the set of all non-isomorphic indecomposable projective A-modules, and let Σ k = Ω −k
Consider the following exact sequence:
where f is a minimal right add M-approximation and N X has no projectiveinjective direct summands and P X is projective-injective. It follows from Lemma 4.4 that P X is a projective cover of X and thus Ω M (X) < Σ i .
Then we only have to show that, for the indecomposables X with Σ 2m ≤ X <
where K 1 is an A-module and K 2 is not in mod A. There is an exact sequence:
where g is a minimal right add M-approximation and N ′ has no projective-injective direct summands and P ′ is projective-injective. By an argument similar to that in the proof of Lemma 4.4, P ′ is a projective cover of K 2 and thus Ω There is some j such that N is a direct summand of Ω M (Z j ). Note that Ω M (Z j ) = 0, thus Z j does not belong to add M, therefore there is a non-split exact sequence
where g is a minimal right add M-approximation, which means that N is a predecessor of τ Z j . By induction, Z j is a predecessor of τ s−1 M i for some M i , it follows that τ Z j is a predecessor of the non-zero A-module τ
projective. This completes the induction step.
In particular, for s = d − (2m + 2), we have that any indecomposable di-
is also a projective A-module and consequently, belongs to add M. This completes the proof. 
Proof. We first use Lemma 4.6 to show that gl.dim End In order to show that gl.dim End A (m) (M) ≥ d, we only need to find an inde-
For 0 ≤ i ≤ d − (2m + 3), the Auslander-Reiten sequence ending in τ i Z is of the form
Since all the modules τ i Y j with 0 ≤ i ≤ d − (2m + 3) belong to add M, we see that g i is a minimal right add M-approximation. Proof. One can follow the method used in the proof of Proposition 3 in [DR] to
show that the M-dimension of N is infinite, which implies that gl.dim End A (m) (M) = ∞. For the convenience of readers, we streamline the proof. 
